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We investigate the evolution of barycenters of masses transported
by stochastic flows. The state spaces under consideration are smooth
affine manifolds with certain convexity structure. Under suitable con-
ditions on the flow and on the initial measure, the barycenter {Zt}
is shown to be a semimartingale and is described by a stochastic
differential equation. For the hyperbolic space the barycenter of two
independent Brownian particles is a martingale and its conditional
law converges to that of a Brownian motion on the limiting geodesic.
On the other hand for a large family of discrete measures on suitable
Cartan–Hadamard manifolds, the barycenter of the measure carried
by an unstable Brownian flow converges to the Busemann barycenter
of the limiting measure.
1. Introduction. We consider the motion of a mass moving according
to the law of a random flow. This can be used to model the motion of
passive tracers in a fluid, for example, the spread of oil spilled in an ocean.
Such motion can be assumed to obey a stochastic flow where particles at
nearby points are correlated, for example, isotropic flows as investigated in
[22, 27] or a general semimartingale flow as considered in [5]. The evolution
of pollution clouds in the atmosphere or a gas of independent particles,
on the other hand, can be described as blocks of masses moving according
to the laws of independent stochastic flows. Here we propose to study the
dynamics of masses transported by stochastic flows by investigating the
motion of their centers of mass. As the medium in which the liquid travels is
not necessarily homogeneous or flat, it makes sense to work on a nonlinear
space, for example, on a manifold diffeomorphic to Rn but with different
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geometric structure. All measures considered here are normalized to have
mass 1.
The center of mass for a measure on Rn is the minimizer of the square
distance function averaged with respect to the measure. This definition is
used to define martingales on Rn. The same minimizing problem can be
considered on Riemannian manifolds. Although the distance in L2 is the
traditional object to minimize, we can also make sense of finding the min-
imizer of the distance function in L1. Busemann barycenters, for example,
of measures on the boundaries of hyperbolic spaces are minimizers of Buse-
mann distance functions in L1. The Busemann barycenter was investigated
for continuous measures for its application in analysis (see, e.g., [3]), while
we are interested in both discrete and continuous measures. We shall re-
late the center of a mass pushed by a stochastic flow, in the limit, to the
Busemann barycenter of its limiting measure.
From the point of view of minimizing assumptions on the state space,
we note below that a center of mass can be defined using the concept of
geodesics. For this we only need a linear connection ∇ on a smooth mani-
fold, and the pair (M,∇) shall be called an affine manifold. Denote by γu
the geodesic with initial velocity u ∈ TxM . Denote by exp :TM →M the
exponential map expx u= γu(1), if it exists.
A point x ∈M is an exponential barycenter of µ if it is a solution to∫
M
exp−1x y µ(dy) = 0.(1.1)
In the sequel, by barycenter we always mean exponential barycenter. Note
that (1.1) always makes sense locally and therefore for measures with suf-
ficiently small support. However, to consider more general measures we are
obliged to work on convex manifolds. An affine manifold (M,∇) is said to
be convex if for every pair of points x, y ∈M there exists a unique geodesic,
defined using ∇, joining x and y and this geodesic depends smoothly on
x and y.
Main results. In Section 2 the existence and uniqueness of exponential
barycenters of a probability measure with compact support are established
for CSLCG manifolds. A CSLCG manifold is an affine manifold satisfying
certain convexity conditions. Furthermore, a stochastic differential equation
governing the motion of the barycenter is given.
To study the large time behavior of the barycenter, we first investigate the
toy model of the empirical measure µt =
1
n
∑n
i=1 δXit of n independent Brow-
nian particles (Xit) on an hyperbolic space H. For n = 2 this is explicitly
studied in Section 3 and for n≥ 3 this can be considered as a special case of
the discussion in Section 4 and can be proved analogously. For two particles,
when t gets large the barycenter gets close to a Brownian motion of variance
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1/2 on the geodesic with asymptotic directions X1∞ and X2∞, where Xi∞ is
the limit of Xit . For more than two particles, the barycenter converges to a
unique point in the manifold. This result seems to be surprising. However, it
has a link to the elementary Steiner problem of finding a point which mini-
mizes the sum of its distances to n given vertices: there is a unique minimizer
if and only if the vertices do not all lie on the same line. If we replace the
usual distance in this problem by the Busemann distance function and look
for the point which minimizes the sum of the distances to the n given points
on the boundary, we shall obtain the Busemann barycenter of the empirical
measure of the limiting points. The unique point the barycenter of µt con-
verges to is this Busemann barycenter. For n = 2, the two limiting points
can be joined by a geodesic and every point on the geodesic is a minimizer
for the Busemann distance function.
In Section 4 the state space under consideration is a Cartan–Hadamard
manifold with pinched negative curvature on which the Brownian motions
satisfy a law of large numbers. In this case a Brownian flow Ft(y) converges
almost surely for every starting point y to a process F∞(y) on the visibility
compactification of M . Furthermore, under suitable conditions, the limiting
process separates the initial points and the uniform o(t) fluctuations for the
Brownian motions vanish in the limit. Thus the L2 minimizer of the distance
function is the same as the L1 minimizer, the Busemann barycenter, of the
limiting measure on the boundary. More precisely, suppose µ0 has finite
support and all the weights are smaller than 1/2. Then the barycenter of
µt converges almost surely to a random variable Z∞ ∈M , the Busemann
barycenter of F∞(µ0), characterized by
lim
t→∞
∫
M
ϕ˙(Z∞, Ft(y))(0)dµ(y) = 0,
where (ϕ(z, y)(s), s ≥ 0) is the unit speed geodesic connecting z and y start-
ing at z and ϕ˙(z, y)(0) = dds |s=0ϕ(z, y)(s).
Notation. Throughout the paper, a standard filtered probability space
(Ω,F , (Ft)t≥0,P) is fixed. If (Xt) is an M -valued continuous semimartin-
gale and α is a C1 section of T ∗M , we denote by
∫ t
0〈α(Xr), δXr〉 and∫ t
0〈α(Xr), d∇Xr〉, respectively, the Stratonovich and Itoˆ integrals of α alongX .
The second integral requires a connection ∇ on M . If Xt(ω) takes its values
in the domain of a local chart for any t ∈ [S(ω), T (ω)[ where S and T are
stopping times, then∫ T
S
〈α(Xt), δXt〉=
∫ T
S
αi(Xt)dX
i
t +
1
2
∫ T
S
∂αi(Xt)
∂xj
d〈Xi,Xj〉t
and ∫ T
S
〈α(Xt), d∇Xt〉=
∫ T
S
αi(Xt)(dX
i
t +
1
2Γ
i
jk(Xt)d〈Xj ,Xk〉t),
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where Γijk are the Christoffel symbols of ∇. The Itoˆ integral can be defined
via the Stratonovich integral as follows: let //0,t :TX0M → TXtM be the
stochastic parallel transport along (Xt) and let Zt =
∫ t
0 //
−1
0,rδXr be the anti-
development of (Xt), a TX0M -valued semimartingale. Then∫ t
0
〈α(Xs), d∇Xs〉=
∫ t
0
〈α(Xs) ◦ //0,s, dZs〉.
A semimartingale (Xt) is called a ∇-martingale if and only if, for every
smooth section α of T ∗M ,
∫ t
0〈α(Xs), d∇Xs〉 is a local martingale. Equiva-
lently the stochastic anti-development of (Xt) by ∇ is a local martingale.
The reader may consult [7, 8, 9] and [12] for general reference.
2. Exponential barycenters of measures transported by flows.
2.1. Preliminaries. If the geodesics determined by two linear connections
are the same, then the two connections differ by a tensor of type (1,2). In
particular, given any connection, we can always subtract from it half of
its torsion T to obtain a torsion-free connection with the same geodesics.
Since convexity and barycenters are determined by geodesics, we assume
that ∇ is a torsion-free connection. We do not impose the condition that
our connection be metric with respect to any Riemannian metric on M .
However, for calculations we shall fix an auxiliary Riemannian metric on M
with the corresponding Riemannian distance function denoted by ρ. In the
sequel when the term “Riemannian manifold” is used it is considered as an
affine manifold with respect to the Levi–Civita connection. A smooth local
diffeomorphism between two manifolds M and (M˜, ∇˜) induces a connection
∇ on M . An affine map φ between two affine manifolds (M,∇) and (M˜, ∇˜)
is a smooth map such that for all smooth functions f :M˜ →R, ∇d(f ◦ φ) =
φ∗(∇˜df). An affine map on M preserves geodesics. We shall frequently use
the following:
1. A point x in M is a barycenter of µ if and only if
H(x)≡Hµ(x) =
∫
M
γ˙(x, y)(0)µ(dy) = 0(2.1)
for geodesics (γ(x, y)(s) : 0≤ s≤ 1) connecting x and y.
2. If z is the barycenter of µ and G :M → N an affine map between two
convex affine manifolds, then G(z) is the barycenter of the push forward
measure G(µ) by G.
3. For a smooth Riemannian manifold let µ be a probability measure on M
such that f(x) =
∫
M dist
2(x, y)µ(dy) is finite for some (hence for all) x
in M . Then the exponential barycenters of µ are the critical points of
the function f ([10], Proposition 3). Moreover, if x is an exponential
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barycenter of µ and h is a convex function on M , then we have Jensen’s-
type inequality ([10], Proposition 2)
h(x)≤
∫
M
h(y)µ(dy).(2.2)
A convex manifoldM is diffeomorphic to an open set of Rm,m= dim(M),
and there exists a neighborhood U of the null section in TM such that
(x,u) ∈U 7→ (x, expx u) ∈M ×M
is a diffeomorphism. Standard convex complete Riemannian manifolds in-
clude Cartan–Hadamard manifolds (complete, simply connected manifolds
with sectional curvature less than or equal to 0). Examples of incomplete
convex manifolds are given by: small geodesic balls in Riemannian manifolds
or small balls centered at the origin in an exponential chart in an affine man-
ifold. [Note that every point x in a Riemannian manifold M has a convex
geodesic ball Br(x); in the case of a sphere of radius r, a maximal convex
set is given by an open half sphere, and its convexity radius is πr/2.]
Recall that a function φ :M →R on an affine manifold (M,∇) is convex
if φ ◦ γ is a convex function for all geodesics γ, that is, for all geodesics
(γ(x, y)(t),0≤ t≤ 1) connecting two different points x and y,
φ(γ(x, y)(t))≤ tφ(x) + (1− t)φ(y).(2.3)
For a C2 function φ, it is convex if and only if Ddt
d
dtφ(γt) ≥ 0, where Ddt
denotes covariant differentiation with respect to t.
For the uniqueness of exponential barycenter we often use a convex func-
tion on M ×M which separates points. The definition below is partly bor-
rowed from [9].
Definition 2.1. Consider an affine manifold (M,∇) and M ×M with
product connection. A convex function φ :M ×M → R+ vanishing exactly
on the diagonal ∆ of M ×M is called a separating function on M . Let
p ∈ 2N. A manifold which carries a smooth separating function φ such that
cρp ≤ φ≤Cρp(2.4)
for some constants 0< c < C and some Riemannian distance function ρ is
called a manifold with p-convex geometry.
For Cartan–Hadamard manifolds, the Riemannian distance function is a
separating function. Note that the square of the distance function is also a
separating function and it is smooth. In more general Riemannian manifolds,
sufficiently small geodesic balls have 2-convex geometry. For instance, any
geodesic ball strictly smaller than an open hemisphere has p-convex geom-
etry for some p depending on the radius, as proved by Kendall in [15], and
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any point in an affine manifold has a convex neighborhood with 2-convex
geometry. However, an affine manifold carrying a separating function is not
necessarily convex. For example, Rm \ {0} is not convex even though the
distance function is a separating function. It is more difficult to find convex
manifolds which do not carry separating functions; see [16].
Let ϕ be a C2 convex function with {ϕ < 0} a relatively compact set.
Then any probability measure µ on M with support included in {ϕ < 0}
has an exponential barycenter, see [10, 14]. Also if M is an affine manifold
with a bounded separating function, then any probability measure on M
has at most one exponential barycenter [10, 14].
As a consequence: let M be a convex manifold with convex geometry, and
let φ be a C2 separating function with φ−1x ([0, a[) relatively compact in M
for some fixed x ∈M and some a > 0 where φx = φ(x, ·) (which is not the
case in general). Then any measure supported on the set φ−1x ([0, a[) has a
unique exponential barycenter.
Observe that an open convex subset of a convex manifold with p-convex
geometry is a manifold with p-convex geometry.
2.2. Existence and uniqueness.
Definition 2.2. A convex affine manifold (M,∇) is said to be CSLCG
(convex, with semilocal convex geometry) if every compact subset K of M
has a relatively compact convex neighborhood UK which has p-convex ge-
ometry for some p ∈ 2N depending on K.
Equivalently, a convex affine manifold (M,∇) is CSLCG if there exists an
increasing sequence (Un)n≥1 of relatively compact open convex subsets of
M such that M =
⋃
n≥1Un, and for every n≥ 1, Un has p-convex geometry
for some p ∈ 2N depending on n.
This definition is motivated by Propositions 2.4 and 2.7 which state that
any probability measure in a CSLCG manifold, of compact support, has a
unique barycenter and that in a certain sense, the exponential barycenter of
µ is differentiable as a function of µ.
Note p increases with K. Examples of CSLCG manifolds are open hemi-
spheres endowed with the Levi–Civita connection (which do not have p-
convex geometry for any p ∈ 2N; see [15]). Examples of geodesically com-
plete CSLCG Riemannian manifolds should be given by manifolds with a
pole under curvature conditions to be determined. We conjecture that if
(M,∇) is a CSLCG manifold, then (TM,∇c) is a CSLCG manifold, where
∇c is the complete lift of ∇. Note that on every relatively compact convex
subset of TM one can construct a continuous separating function: by [17],
uniqueness of martingales with prescribed terminal values implies the ex-
istence of such a separating function, and by [1], uniqueness holds. So the
BARYCENTERS OF MEASURES 7
conjecture concerns the smoothness of the separating function, and the fact
that it satisfies (2.4).
One can find in [16] an example of convex manifold which has not semilo-
cal convex geometry. In the manifold constructed there, there exists a prob-
ability measure carried by three points, which possesses four exponential
barycenters. Clearly there is no convex neighborhood of these seven points
in which we can define a separating function.
Lemma 2.3. Let (M,∇) be a CSLCG manifold. Every compact convex
subset K of M has a convex neighborhood U with a nonnegative C1 convex
function φK such that φ
−1
K ({0}) =K.
Proof. Let U ′ be an open convex relatively compact neighborhood of
K with p-convex geometry for some p ∈ 2N. Let φ be a smooth separat-
ing function on U ′ satisfying cρp ≤ φ ≤ Cρp where 0< c < C, and ρ is the
Euclidean distance induced by a global chart, for example, an exponential
chart. Define for x ∈ U ′
φK(x) = inf{φ(y,x), y ∈K}.(2.5)
Clearly φ−1K ({0}) =K, since K is compact.
1. First we show that φK is convex on U
′. Take (x1, x2) ∈ U ′ × U ′. Let
p(xi) be points in the compact set K achieving the minimum: φK(xi) =
φ(p(xi), xi), i= 1,2. Since φ is convex, for every t ∈ [0,1],
φ(γ(p(x1), p(x2))(t), γ(x1, x2)(t))≤ (1− t)φ(p(x1), x1) + tφ(p(x2), x2).
On the other hand, by the definition of φK , we have since γ(p(x1), p(x2))(t) ∈
K
φK(γ(x1, x2)(t))≤ φ(γ(p(x1), p(x2))(t), γ(x1, x2)(t)).
Putting these equations together we obtain
φK(γ(x1, x2)(t))≤ (1− t)φK(x1) + tφK(x2),
which proves the convexity of φK .
2. Next we show that φK is C
1 on some convex neighborhood U of K
included in U ′. We first prove that there exists a neighborhood U ⊂ U ′ of K
on which there is a unique point p(x) such that φK(x) = φ(p(x), x).
Suppose for x ∈ U ′ and y0, y1 ∈K, φK(x) = φ(y0, x) = φ(y1, x). Set y(t) =
γ(y0, y1)(t). Then necessarily, for every t ∈ [0,1], φ(y(t), x) = φK(x).
By the Hadamard lemma (see, e.g., [4], Corollaire 3.1.9 and Exercice 3.1.10)
we can write in the global chart
φ(y,x) =
m∑
i1,...,ip=1
ai1...ip(x)
p∏
j=1
(yij − xij )
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+
m∑
i1,...,ip+1=1
bi1...ip+1(y,x)
p+1∏
j=1
(yij − xij ),
where ai1...ip and bi1...ip+1 are smooth functions.
Write f(t) = φ(y(t), x). It is a constant function. On the other hand, we
can differentiate p times the function f with the expression of φ in the chart.
Using
y¨i(t) =−
m∑
j,k=1
Γijk(y(t))y˙
j(t)y˙k(t),
where Γijk are the Christoffel symbols of ∇ in the chart, we see that f (p) is
of the following format:
f (p)(t) =
m∑
i1,...,ip=1
ai1...ip(x)
p∏
j=1
y˙ij(t) + g(y(t), y˙(t), x),
where g is a smooth function. Since U ′ is a relatively compact convex open
neighborhood of K, we see by the Hadamard lemma and explicit calculation
that
|g(y, z, x)| ≤C ′‖y − x‖‖z‖p
for some positive constant C ′. Now since cρp ≤ φ, we have for every z ∈Rm
m∑
i1,...,ip=1
ai1...ip(x)
p∏
j=1
zij ≥ c‖z‖p.
We choose U of the form U = {x′ ∈ U ′, φK(x′)< ε}, with ε ∈ ]0, cp+1/(C ′)p[,
such that U is convex and relatively compact in U ′. Consequently for x ∈U
and y ∈K, ‖y − x‖p ≤ φ(x, y)/c≤ ε/c and
f (p)(t)≥ c‖y˙(t)‖p −C ′‖y(t)− x‖ · ‖y˙(t)‖p
≥ (c− (ε/c)1/pC ′)‖y˙(t)‖p ∀ t ∈ [0,1],
where c− (ε/c)1/pC ′ > 0. But f is constant, so we have y˙(t)≡ 0 and conse-
quently y0 = y1.
3. For x ∈U , we let p(x) be the point in K such that φK(x) = φ(p(x), x).
We prove that p is continuous on U . If not, let (xn)n∈N be a convergent se-
quence in U with limit x such that p(xn) does not converge to p(x). Since K
is compact, by choosing a subsequence if necessary, we can assume p(xn)→
y ∈ K \ {p(x)}. By the continuity of φ, φK(xn) ≡ φ(p(xn), xn)→ φ(y,x).
On the other hand, since φK is convex on the open set U , it is continuous
(see, e.g., [11], Proposition 1) and so limφK(xn) = φK(x). Consequently,
φ(y,x) = φK(x) and by the uniqueness given in (2) we obtain y = p(x), a
contradiction. So the map p is continuous.
BARYCENTERS OF MEASURES 9
4. We are left to prove that φK is C
1. Denote by dgφK the Gaˆteaux-
differential of φ. Recall that for every x ∈ U and v ∈ TxM ,
dgφK(x)(v) = lim
t↓0
φK(exp tv)− φK(x)
t
and that dgφK(x) is convex on TxM (again by [11], Proposition 1). Let x ∈U
and v ∈ TxM . If t > 0 is sufficiently small, we have
φK(exp tv)− φK(x)≤ φ(p(x), exp tv)− φ(p(x), x)
which yields
dgφK(x)(v)≤ dφp(x)(x)(v),
φy denoting the map φ(y, ·). Since dφp(x)(x) is linear, this inequality im-
plies dgφK(x) = dφp(x)(x) on TxM . Otherwise we would have dgφK(x)(v)<
dφp(x)(x)(v) for some v ∈ TxM , which would give by convexity of dgφK(x)
dgφK(x)(−v)≥−dgφK(x)(v)>−dφp(x)(x)(v) = dφp(x)(x)(−v),
a contradiction. So dgφK(x) = dφp(x)(x) on TxM . The differentiability of φK
then easily comes from the inequalities, for all v ∈ TxM sufficiently close to
0,
0≤ φK(exp v)− φK(x)− dφp(x)(x)(v)
≤ φp(x)(exp v)− φp(x)(x)− dφp(x)(x)(v).
That φK is C
1 comes from the continuity of p. 
Proposition 2.4. Let M be a CSLCG manifold. Every probability mea-
sure µ on M with compact support has a unique exponential barycenter.
Proof. The proof is a slight modification of that of Proposition 5
in [10]. For uniqueness let x and x′ be two exponential barycenters of µ.
Set K = supp(µ)∪ {x,x′}. Let φ be a separating function defined on a con-
vex relatively compact neighborhood of K. Writing ν the measure µ pushed
forward by y 7→ (y, y), (x,x′) is an exponential barycenter of ν, so
ρp(x,x′)≤ 1
c
φ(x,x′)≤ 1
c
∫
φ(y, y′)dν(y, y′) =
1
c
∫
φ(y, y)dµ(y) = 0
giving x= x′.
For the existence let K be a convex compact subset of M containing the
support of µ (we know that this exists in a CSLCGmanifold). By Lemma 2.3
there exists a C1 convex nonnegative function φK defined on a relatively
compact open neighborhood U of K, such that φ−1K ({0}) = K. Let ε > 0
satisfy φ−1K ([0, ε[) ⊂ U . We apply [10], Proposition 5, to the function φK −
ε/2 to see that µ has an exponential barycenter in φ−1K ([0, ε/2[) (note [10],
Proposition 5 is still valid with a C1 convex function instead of a C2 convex
function). 
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2.3. Mass moved by a smooth vector field. Let (M,∇) be a smooth
convex affine manifold with ∇ torsion free. As before, for x, y in M let
(γ(x, y)(s),0 ≤ s ≤ 1) be the geodesic, with respect to ∇, with end points
x and y. The geodesic γ(x, y) shall be abbreviated as γ where there is no
risk of confusion. Set
J(u, v)(s) = T (γ(·, ·)(s))(u, v), u ∈ TxM, v ∈ TyM, s ∈R,
where Tγ(s)(u, v) denotes the derivative of γ(s) in the direction of (u, v). The
map (J(u, v)(s),0 ≤ s≤ 1) is the Jacobi field satisfying boundary condition
J(u, v)(0) = u and J(u, v)(1) = v. Write J˙(u, v)(s) = (∇d/dsJ(u, v))(s). For
every x, y ∈M , we define the linear map
ψ(x,y) :TxM → TxM, u 7→ J˙(u,0y)(0),(2.6)
where 0y is the zero tangent vector in TyM .
On TM one can define a connection ∇c, called the complete lift of ∇
(see, e.g., [26]). It is a torsion-free connection since ∇ is, so it is charac-
terized by its geodesics, which are the Jacobi fields of the connection ∇.
The canonical projection π : (TM,∇c)→ (M,∇) is affine. We easily see that
(TM,∇c) is convex if (M,∇) is and the only geodesic joining u and v in
TM is (J(u, v)(s),0 ≤ s≤ 1). Given a C1 vector field A, consider the map
A :M → TM . It induces a measure A(µ) on TM . A point v ∈ TM is a
barycenter of a measure A(µ) if and only if π(v) is a barycenter of µ and∫
M
J˙(v,A(x))(0)dµ(x) = 0.(2.7)
A measure µ is differentiable along a vector field A if its pushed forward
measure St(µ) is weakly differentiable in t, where for x ∈M , St(x) is the
integral curve of A starting from x. The following lemma asserts that the
map µ→ b(µ), b(µ) the barycenter of µ, is a differentiable map in the above
sense.
Proposition 2.5. Suppose (M,∇) is a CSLCG manifold. For i= 1, . . . , n,
let µi be a probability measure on M with compact support K, let Ai be a
smooth C1 vector field and let (Sit(x),0≤ t < τ) be its integral curve starting
from x. For pi ≥ 0 with
∑n
i=1 pi = 1, set µt =
∑n
i=1 piS
i
t(µ
i). If z(t) is the
exponential barycenter of µt:
(a) then z(−) is differentiable at t= 0 and z˙(0) is the exponential barycen-
ter of
∑n
i=1 piA
i(µi) with respect to the complete lift ∇c of ∇;
(b) there is CK > 0 depending only on K and the arbitrary metric such
that
‖z˙(0)‖ ≤CK sup
x∈K
1≤i≤n
‖Ai(x)‖.
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Proof. Let M ′ be a convex relatively compact open neighborhood of
K with p-convex geometry (p ∈ 2N). Let φ be a smooth separating function
on M ′ satisfying cρp ≤ φ ≤ Cρp where ρ is a Riemannian distance func-
tion, 0< c< C. For t < τ the barycenter z(t) exists and by the definition of
barycenters, (z(0), z(t)) is the exponential barycenter of
∑n
i=1 pi(S
i
0, S
i
t)(µ
i)
with respect to the product connection.
Apply (2.2) to see φ(z(0), z(t)) ≤∑ni=1 pi ∫K φ(Si0(x), Sit(x))dµi(x), which
implies
ρ(z(0), z(t)) ≤
[
1
c
φ(z(0), z(t))
]1/p
≤
(
C
c
)1/p( n∑
i=1
pi
∫
K
ρp(Si0(x), S
i
t(x))dµ
i(x)
)1/p
(2.8)
≤
(
C
c
)1/p
t sup
i∈{1,...,n}
sup
x∈K
0≤r≤t
‖Ai(Sir(x))‖,
where ‖ · ‖ is the Riemannian metric corresponding to ρ. Since all Rieman-
nian metrics on M ′ are comparable,∥∥∥∥1t exp−1z(0) z(t)
∥∥∥∥≤ c0t ρ(z(0), z(t))
(2.9)
≤ c0
(
C
c
)1/p
sup
i∈{1,...,n}
sup
x∈K
0≤r≤t
‖Ai(Sir(x))‖,
some constant c0 and so the family {1t exp−1z(0) z(t), t < τ} is bounded and
thus has a limit point which shall be denoted by u. Let tk be a sequence
going to 0 such that limk→∞ 1tk exp
−1
z(0) z(tk) = u. Each ztk satisfies
0z(tk) =
n∑
i=1
pi
∫
M
γ˙(z(tk), S
i
tk
(x))(0)dµi(x)
and the covariant derivative of γ˙(z(t), Sit(x))(0) along the subsequence tk
satisfies
D
dtk
∣∣∣∣
tk→0
γ˙(z(tk), S
i
tk
(x))(0) = J˙(u,Ai(x))(0).
Integrate the identity over M and use the dominated convergence theorem
to see
0z(0) =
n∑
i=1
pi
∫
M
J˙(u,Ai(x))(0)dµi(x)
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which together with
0z(0) =
n∑
i=1
pi
∫
M
γ˙(z(0), x)(0)dµi(x)
shows that u is an exponential barycenter of
∑n
i=1 piA
i(µi) with respect to
∇c.
Let π :TM →M be the canonical projection. To prove the uniqueness
consider the map
T⊗pφ :TM ′→R+, v 7→ lim
t→0+
1
tp
φ(π(v), exp tv),
which is ∇c-convex and T⊗pφ(v)≤C‖v‖p. Furthermore the map
(v, v′) 7→ T⊗pφ(v′ − v)
is convex on E := {(v, v′) ∈ TM ′ × TM ′, π(v) = π(v′)} for the connection
∇c⊗∇c (note E is a totally geodesic submanifold), and vanishes exactly on
the diagonal of TM ′ × TM ′. See [1] for the proof and details.
Let u′ be another exponential barycenter of A(µ) with respect to ∇c.
Since µ has a unique barycenter and π is affine, π(u′) = π(u). So it makes
sense to estimate T⊗pφ(u′ − u). Set ν =∑ni=1 pi(Ai,Ai)(µi). Then (u,u′) is
an exponential barycenter for ν, so
T⊗pφ(u− u′)≤
∫
E
T⊗pφ(v − v′)dν(v, v′)
=
n∑
i=1
pi
∫
M
T⊗pφ(Ai(x)−Ai(x))dµi(x) = 0.
This implies that u= u′, which in turn implies that the family 1t exp
−1
z(0) z(t)
has only one limit point as t goes to 0 and so it converges to u. Thus
t 7→ z(t) is differentiable at t= 0 with derivative the exponential barycenter
of
∑n
i=1 piA
i(µi) with respect to ∇c. Finally, using (2.8) and (2.9), letting t
go to 0, invoking the compactness of K and the continuity of Si, we get
‖z˙(0)‖ ≤CK sup
i∈{1,...,n}
x∈K
‖Ai(x)‖ where CK = c0
(
C
c
)1/p
.

The map ψx,y defined in (2.6) is not invertible in general, as can be seen
with two points x and y at a distance π/2 in a hemisphere. However, we
have the following:
Lemma 2.6. Let M be a CSLCG manifold, let K ⊂M be a compact
set and let ρ be a Riemannian metric on M . Then there exists a constant
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C ′K > 0 such that for any probability measure µ in M with support included
in K, letting z be the exponential barycenter of µ, the linear map on TzM :
u 7→
∫
M
ψ(z,x)(u)dµ(x)
is invertible with inverse bounded by C ′K (with respect to the metric ρ).
Proof. Since M is convex, the map v 7→ J˙(0z, v)(0) from TxM to TzM
is injective and so is surjective. Its inverse −A(x, ·) is well defined. For each
u ∈ TzM fixed, A(·, u) is the vector field inM characterized by J˙(0z,A(x,u))(0) =
−u. Let b(u) ∈ TzM be the exponential barycenter of A(u)(µ) (by Proposi-
tion 2.5, it is well defined). By (2.7)
0 =
∫
M
J˙(b(u),A(x,u))(0)µ(dx)
=
∫
M
J˙(b(u),0)(0)µ(dx) +
∫
M
J˙(0,A(x,u))(0)µ(dx).
By the definition ψ(z,x)(v) = J˙(v,0x)(0) for v ∈ TzM ,(∫
M
ψ(z,x)(·)dµ(x)
)
(b(u)) =−
∫
M
J˙(0z ,A(x,u))(0)dµ(x) = u.
We have supx∈K ‖A(x,u)‖ ≤C‖u‖ for some constant C since K is compact.
Apply Proposition 2.5 to see
‖b(u)‖ ≤CK sup
x∈K
‖A(x,u)‖ ≤CKC‖u‖.(2.10)
Thus
∫
M ψ(z,x)(·)dµ(x) is invertible with inverse satisfying∥∥∥∥
(∫
M
ψ(z,x)(·)dµ(x)
)−1
(u)
∥∥∥∥≤ ‖b(u)‖ ≤C ′K‖u‖ for C ′k =CCK. 
As a direct consequence of Lemma 2.6 and its proof, we make more precise
the result of Proposition 2.5 and give an expression for z˙(t).
Proposition 2.7. Assume (M,∇) is a CSLCG manifold with the con-
nection ∇ torsion free. For n≥ 1 and i= 1, . . . , n, let pi be positive numbers
satisfying
∑n
i=1 pi = 1 and let µ
i be probability measures on M with compact
support. Let
Si
·
(·) : [0,∞[× supp(µi)→M
be a map of class Ck,0 for some k ≥ 1 [i.e., Ck in t with derivatives up to or-
der k with respect to t continuous in (t, x)]. Then the exponential barycenter
z(t) of µt :=
∑n
i=1 piS
i
t(µ
i) exists and is unique. Furthermore:
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(i) t 7→ z(t) is Ck;
(ii) the barycenter z(t) is characterized by the identity
n∑
i=1
pi
∫
M
J˙(z˙(t),0Sit(x))(0)dµ
i(x) =−
n∑
i=1
pi
∫
M
J˙(0z(t), S˙
i
t(x))(0)dµ
i(x)
where 0z is the zero vector in TzM ;
(iii) z(t) solves the ordinary differential equation
z˙(t) =−
n∑
i=1
pi
∫
M
(
n∑
j=1
pj
∫
M
ψ
(z(t)Sjt (x))
dµj(x)
)−1
(2.11)
× J˙(0z(t), S˙it(y))(0)dµi(y),
where ψ is defined by (2.6).
Taking µi to be Dirac distributions, we get from Proposition 2.7 the fol-
lowing:
Proposition 2.8. If (M,∇) is a CSLCG manifold with the connection
∇ torsion free let n≥ 1 and p= (p1, . . . , pn) be an n-tuple of positive numbers
satisfying
∑n
i=1 pi = 1. Then the map Gp defined by
Gp :M
n→M, (x1, . . . , xn) 7→ b
(
n∑
i=1
piδxi
)
,
is smooth with derivative,
TGp(u1, . . . , un) =−
n∑
i=1
pi
(
n∑
j=1
pjψ(G(x1,...,xn),xj)
)−1
J˙(0G(x1,...,xn), ui)(0),
where (u1, . . . , un) ∈ Tx1M × · · · × TxnM .
Proof. Just note if Sit(xi) = exp(tu
i), then z˙(0) = TGp(u
1, . . . , un). 
We want to generalize Proposition 2.7 to the case where for every x the
flow is a semimartingale. We begin with a simple case, which is an immediate
corollary of Proposition 2.8 since Zt as a smooth function of semimartingales
is a semimartingale and stochastic calculus applies.
Proposition 2.9. Let (M,∇) be a CSLCG manifold. Let n ≥ 1, p =
(p1, . . . , pn) be an n-tuple of positive numbers satisfying
∑n
i=1 pi = 1, x1 . . . xn
BARYCENTERS OF MEASURES 15
be n points of M and µ0 =
∑n
i=1 piδxi . For every i, let X
i
t be a semimartin-
gale started at xi. Then the exponential barycenter Zt of
∑n
i=1 piδXit
is a
semimartingale and satisfies
δZt =−
n∑
i=1
pi
(
n∑
j=1
pjψ(Zt,Xjt )
)−1
J˙(0Zt , δX
j
t )(0).
If Xit = Ft(x
i) where Ft(x) is a semimartingale flow, then
δZt =−
∫
M
(∫
M
ψ(Zt,Ft(x)) dµ0(x)
)−1
J˙(0Zt , δFt(y))(0)dµ0(y).
When µ0 is carried by two points we do not need to assume that the man-
ifold has locally convex geometry: convexity is sufficient. If µ0 =
1
2(δx0 +δy0),
Xt = Ft(x0), Yt = Ft(y0) for a stochastic flow Ft, then Zt is a semimartingale
and
δZt =−(ψ(Zt,Xt) + ψ(Zt,Yt))−1(J˙(0Zt , δXt)(0) + J˙(0Zt , δYt)(0)).(2.12)
2.4. Mass pushed by a random flow. Next we consider the case where Ft
is a local semimartingale flow of homeomorphisms (which we abbreviate as
semimartingale flow). Following Kunita ([18], Section 4.7) with small modifi-
cations, see also [20, 21], let a(t, x, y,ω) be a predictable process with values
in the tensor product TxM ⊗ TyM , let b(t, x,ω) be a predictable process
with values in TxM and let At be a continuous adapted real-valued increas-
ing process. We say that Ft(x) is a semimartingale flow with characteristic
(a(t, x, y,ω), b(t, x,ω),At) if
dFt(x)⊗ dFt(y) = a(t,Ft(x), Ft(y))dAt ∀x, y ∈M,
and the drift of Ft(x) is b(t,Ft(x))dAt, that is, for every 1-form α ∈ T ∗M ,∫
〈α(Ft(x)), d∇Ft(x)− b(t,Ft(x))dAt〉
is a local martingale.
Proposition 2.10. Let (M,∇) be a CSLCG manifold with ∇ torsion
free and let µ0 be a probability measure with compact support. Assume Ft(x)
is a semimartingale flow with characteristic (a(t, x, y,ω), b(t, x,ω),At), such
that a(t,−,−, ω) and b(t,−, ω) are C1 with derivatives a.s. locally uniformly
bounded in time and space. Then the exponential barycenter Zt of µt exists
and is unique. Furthermore:
(i) the process Zt is a semimartingale on [0, τ [, where τ is an almost
surely positive random explosion time;
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(ii) the barycenter Zt is characterized by the identity∫
M
J˙(δZt,0Ft(x))(0)dµ0(x) =−
∫
M
J˙(0Zt , δFt(x))(0)dµ0(x);
(iii) Zt solves the stochastic differential equation
δZt =−
∫
M
(∫
M
ψ(Zt,Ft(x)) dµ0(x)
)−1
J˙(0Zt , δFt(y))(0)dµ0(y).(2.13)
Remark 2.11. The assumptions on the semimartingale flow can be
weakened. We can assume, instead, that (a(t, x, y,ω), b(t, x,ω),At) belongs
to the class B0,1 in the sense of [18], adapted to a manifold.
Proof of Proposition 2.10. Fix an arbitrary Riemannian distance ρ
onM . For simplicity we choose a and b bounded (by [18], remark on page 85,
this amounts to changing At). Using a change of time, we may assume that
At = t. With the assumptions on the local characteristics of the flow Ft(x),
we can choose a version of Ft(x) jointly continuous in (t, x). Let (Un)n≥1
be an increasing sequence of relatively compact convex open subsets of M
containing supp(µ0) and such that
⋃
nUn =M . Define
τn = inf{t > 0, Ft(x) /∈ Un for some x ∈ supp(µ0)}.
Then since the map (t, x) 7→ Ft(x) is almost surely continuous and µ0 has
compact support, τn is an increasing sequence of stopping times converging
to the explosion time τ , which is almost surely positive.
The map (t, y) 7→ Ft(y)(ω) is almost surely uniformly continuous on [0,R]×
supp(µ0) for every R> 0 smaller than τ . As a consequence, the barycenter
Zt of µt is defined on [0, τ [, and is continuous and adapted.
We shall show that Zt is a semimartingale and is given precisely by the
equations in parts (ii) and (iii) up to each time τn. Letting n tend to infinity
will prove that the conclusion of the proposition holds.
For the local result we begin with the following lemma which can be
considered as an extension of Lemma 2.6.
Lemma 2.12. Let U be a relatively compact convex open subset of M
containing supp(µ0) and
τU = inf{t > 0, Ft(x) /∈ U for some x ∈ supp(µ0)}.
There exists ε > 0 such that if t≤ τU and ρ(z,Zt(ω))≤ ε, then∫
M
ψ(z,Ft(x)) dµ0(x)
is invertible with inverse bounded by a constant depending only on U .
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Proof. Consider the set (U¯ )′ of probabilities on U¯ , endowed with the
weak topology. It is a metrizable space. Since U¯ is compact, the map
(z,µ) 7→
∫
M
ψ(z,x) dµ(x)
is continuous on U¯ × (U¯ )′ for the product topology. Furthermore, the map
from (U¯)′ to M sending µ to its exponential barycenter z(µ) is continuous
by Skorokhod theorem: if µk converges to µ, there is a sequence of random
variables Xk and a random variable X with values in U¯ such that the law
of Xk is µk, the law of X is µ and Xk converges almost surely to X . Since
U¯ is compact, ρ(Xk,X) converges to 0 in L
p for every p ∈ 2N. On the other
hand, (z(µk), z(µ)) is the exponential barycenter of the law of (Xk,X) and
U¯ is p-convex for p sufficiently large. So
ρ(z(µk), z(µ))≤C‖ρ(Xk,X)‖p
which implies that z(µk) converges to z(µ). This proves that µ 7→ z(µ) is
continuous on (U¯ )′.
Next recall that for every µ ∈ (U¯)′, ∫M ψ(z(µ),x) dµ(x) is invertible. The
image of the compact set (U¯ )′ by the continuous map µ 7→ ∫M ψ(z(µ),x) dµ(x)
(w.r.t. the weak topology) is compact. This implies the existence of a neigh-
borhood of the graph of µ 7→ z(µ) of the form {(µ, z) ∈ ((U¯ )′×U¯), ρ(z, z(µ))<
ε} for some ε > 0, on which ∫M ψ(z,x) dµ(x) is invertible with inverse in a
compact set depending only on U . This proves the lemma. 
We continue with the proof of the proposition. For relatively compact set
Un, let εn be the constant defined by Lemma 2.12 and set
T 1n := τn ∧ inf
{
t > 0, ρ(Z0,Zt)≥ εn
4
}
.
For every z ∈ Un with ρ(Z0, z) ≤ εn/4 we define a TzM -valued stochastic
process:
G(z, t) =−
∫ t
0
∫
M
(∫
M
ψ(z,Fs(x)) dµ0(x)
)−1
J˙(0z, δFs(y))(0)dµ0(y),
0≤ t < T 1n .
Clearly G(z, t) is a semimartingale for each z with bounded local character-
istics depending smoothly on the spatial parameter z (see, e.g., [27], Theo-
rem (3.3)). So one can solve the equation
δZ ′t =G(Z
′
t, δt), Z
′
0 = Z0.(2.14)
Its solution Z ′t exists and is a semimartingale up to time
T ′n := T
1
n ∧ inf
{
t > 0, ρ(Z ′t,Zt)≥
εn
4
}
.
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We only need to show that Z ′t = Zt, the exponential barycenter of Ft(µ0),
that is, ∫
M
γ˙(Z ′t, Ft(x))(0)dµ0(x) = 0Z′t .(2.15)
The equality holds for t = 0. The process γ˙(Z ′t, Ft(x))(0) is a semimartin-
gale with continuous spatial parameter and local characteristics uniformly
bounded on (x, t) ∈ supp(µ0)× [0, T ′n[ and so using [27], Theorem (3.3), we
see that integration over M commutes with covariant Stratonovich differen-
tiation Dt in t:
Dt
∫
M
γ˙(Z ′t, Ft(x))(0)dµ0(x) =
∫
M
Dtγ˙(Z
′
t, Ft(x))(0)dµ0(x).(2.16)
More precisely, (2.16) is equivalent to: writing Vt(x) = γ˙(Z
′
t, Ft(x))(0),∫ t
0
〈
p∗(α), δ
(∫
M
Vs(x)dµ0(x)
)〉
=
∫
M
(∫ t
0
〈p∗(α), δVs(x)〉
)
dµ0(x),
for every 0 ≤ t < T ′n and every section α of T ∗M . Here p :TTM → TM is
the map induced by the connection which to an element of TTM associates
its vertical part.
Now since the connection is torsion free and since γ is smooth,Dt
∂
∂s =
D
dsδt
where Dds denotes covariant differentiation in s. Consequently, we have on
[0, T ′n[,∫
M
Dtγ˙(Z
′
t, Ft(x))(0)dµ0(x)
=
∫
M
D
ds
δtγ(Z
′
t, Ft(x))(0)dµ0(x)
=
∫
M
J˙(δZ ′t, δFt(x))(0)dµ0(x)
=
∫
M
J˙(δZ ′t,0Ft(x))(0) + J˙(0Z′t , δFt(x))(0)dµ0(x)
=
(∫
M
ψ(Z′t,Ft(x))(·)dµ(x)
)
(δZ ′t) +
∫
M
J˙(0Z′t , δFt(x))(0)dµ0(x).
Plugging the expression (2.14) for δZ ′t in the last formula yields
Dt
∫
M
γ˙(Z ′t, Ft(x))(0)dµ0(x) = 0Z′t .(2.17)
Together with Z ′0 = Z0 we see that for t ∈ [0, T ′n[,∫
M
γ˙(Z ′t, Ft(x))(0)dµ0(x) = 0Z′t .(2.18)
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Consequently Z ′t is the exponential barycenter of Ft(µ0) up to time T ′n. This
implies that T ′n = T 1n .
On the set {T 1n < τn} we replace time 0 by time T 1n and time T 1n by
T 2n := τn ∧ inf
{
t > T 1n , ρ(ZT 1n ,Zt)≥
εn
4
}
,
to prove the requested property up to time T 2n . With the same procedure we
define a sequence of stopping times (T kn )k≥1 converging almost surely to τn,
such that Proposition 2.10 is true on [0, T kn [. Consequently it is true on [0, τn[
as requested.

2.5. The hyperbolic space example. Let M be a Riemannian manifold
and let ∇ be the Levi–Civita connection. Assume that M is convex for the
Levi–Civita connection. Denote by ρ(x, y) the distance function between x
and y which is abbreviated as ρ where there is no risk of confusion. For any
two points x 6= y and γ = γ(x, y) the geodesic connecting them, a vector u ∈
TxM has an orthogonal decomposition u= u
L+uN where uL is in the direc-
tion of γ˙(0). We may also use uL(x,y) and uN(x,y) when the points concerned
need to be clarified. Denote by //x,y :TxM → TyM the parallel transport
along the geodesic γ(x, y). Set Ei(x, y)(s) = (//x,γ(s))Ei(x, y)(0) for some
tangent vectors Ei(x, y)(0) on TxM such that (E1(x, y)(0), . . . ,En(x, y)(0))
is an orthonormal frame of TxM . We shall fix E1(x, y)(0) =
γ˙(0)
‖γ˙(0)‖ so that
E1(x, y)(s) =
exp−1γ(x,y)(s) y
ρ(γ(x, y)(s), y)
, s ∈ [0,1[.
SinceM is convex we can assume that the Ei(x, y)’s are chosen to be smooth
in x and y in a neighborhood of some (x0, y0) off diagonal.
Denote by Hm the hyperbolic space of dimensionm and by G :Hm×Hm→
H
m the smooth map which sends (x, y) to the center of the geodesic segment
[x, y] :G(x, y) = expx(
1
2 exp
−1
x y).
Lemma 2.13. The map G :Hm ×Hm→Hm is harmonic.
Proof. We need to prove that tr∇dG= 0. We do it with a symmetry
argument. Observe that G(x, y) =G(y,x) for all x, y. We have
tr∇dG(x, y) = tr∇dG(y,x).(2.19)
On the other hand, the symmetry ϕx,y in H
m with center G(x, y) is an
isometry which exchanges x and y. So
tr∇dG(y,x) = tr∇dG(ϕx,y(x), ϕx,y(y))
(2.20)
= (ϕx,y)∗ tr∇dG(x, y) =− tr∇dG(x, y).
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The identities (2.19) and (2.20) lead to tr∇dG(y,x) = 0. 
Proposition 2.14. For x0, y0 ∈ Hm set µ0 = 12(δx0 + δy0). Consider
two independent Brownian motions Xt and Yt with initial points x0 and
y0, respectively. Set ρt = ρ(Xt, Yt) and define a measure µt by µt(A) =
1
2 (δXt(A)+ δYt(A)). Then Zt is a martingale in M . It satisfies the Itoˆ equa-
tion
d∇Zt =
1
2
(//Xt,Zt d
∇Xt)
L+
1
2
(//Yt,Zt d
∇Yt)
L
+
1
2cosh(ρt/2)
((//Xt ,Zt d
∇Xt)
N + (//Yt,Zt d
∇Yt)
N ),
where u= uL+uN with uL tangential (resp. uN orthogonal ) to the geodesic
γ(Xt, Yt). Furthermore, we have locally
d∇Zt =
1√
2
E1(Zt,Xt)dW
1
t +
1√
2cosh(ρt/2)
m∑
i=2
Ei(Zt,Xt)dW
i
t
for W it independent real-valued Brownian motions.
Proof. We have Zt =G(Xt, Yt), where G is smooth and harmonic. Con-
sequently, since (X,Y ) is a Brownian motion in Hm×Hm, Zt is a martingale
in Hm. We first look for a Stratonovich equation for Zt. All Jacobi fields
along γ(x, y) can be written as: J(s) = (a1+ b1s)E1(s) +
∑m
i=2[cosh(sρ)a
i+
sinh(sρ)bi]Ei(s), where ai, bi ∈R and ρ= ρ(x, y). In particular for u ∈ TxHm,
v ∈ TyHm and J(u, v) the Jacobi fields along the geodesic γ(x, y) with bound-
ary values u and v, one has
J(u, v)(s) = (u1(1− s) + sv1)E1(s)
+
m∑
i=2
(
( cosh(sρ)− sinh(sρ) cothρ)ui + sinh(sρ)
sinhρ
vi
)
Ei(s),
where ui = 〈u,Ei(0)〉H, vi = 〈v,Ei(1)〉H and 〈·, ·〉H denotes the scalar product
in H=Hm. Note that u1E1(0) = u
L(x,y) and v1E1(1) = v
L(x,y). This gives
J˙(u,0)(0) =−u1E1(0)−
m∑
i=2
ρ(x, y) coth(ρ(x, y))uiEi(0)
(2.21)
=−uL(x,y) − ρ(x, y) coth(ρ(x, y))uN(x,y),
J˙(0, v)(0) = v1E1(0) +
m∑
i=2
ρ(x, y)
sinh(ρ(x, y))
viEi(0)
= (//y,x v)
L(x,y) +
ρ(x, y)
sinh(ρ(x, y))
(//y,xv)
N(x,y).
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We have∫
Hm
J˙(δZt,0Ft(y))(0)dµ0(y)
=−12(δZt)L(Zt,Xt) − 12ρ(Zt,Xt) coth (ρ(Zt,Xt))(δZt)N(Zt,Xt)
− 12(δZt)L(Zt,Yt) − 12ρ(Zt, Yt) coth (ρ(Zt, Yt))(δZt)N(Zt,Yt)
=−(δZt)L(Zt,Xt) − 12ρ(Xt, Yt) coth (12ρ(Xt, Yt))(δZt)N(Zt,Xt),
since Xt, Yt and Zt lie on the same geodesic v
L(Zt,Xt) = vL(Zt,Yt) for any
vector v. We shall abbreviate vL(Zt,Xt) = vL(Zt,Yt) as vL. On the other hand∫
Hm
J˙(0Zt , δFt(x))(0)dµ0(x)
=
1
2
J˙(0, δXt)(0) +
1
2
J˙(0, δYt)(0)
=
1
2
(//Xt,ZtδXt)
L+
1
2
ρ(Zt,Xt)
sinh(ρ(Zt,Xt))
(//Xt,ZtδXt)
N
+
1
2
(//Yt,ZtδYt)
L +
1
2
ρ(Zt, Yt)
sinh(ρ(Zt, Yt))
(//Yt,ZtδYt)
N
=
1
2
(//Xt,ZtδXt)
L+
1
4
ρ(Xt, Yt)
sinh(12ρ(Xt, Yt))
(//Xt ,ZtδXt)
N
+
1
2
(//Yt,ZtδYt)
L +
1
4
ρ(Xt, Yt)
sinh(12ρ(Xt, Yt))
(//Yt,ZtδYt)
N .
Finally, applying Proposition 2.10(ii) gives the Stratonovich equation
δZt =
1
2 (//Xt,ZtδXt)
L + 12(//Yt,ZtδYt)
L
+ 12 cosh (
1
2ρ(Xt, Yt))((//Xt,ZtδXt)
N + (//Yt,ZtδYt)
N ).
Obtaining the Itoˆ equation (2.14) from the Stratonovich equation is im-
mediate since Zt is a martingale.
For the local form of the Itoˆ equation, by a localization procedure as in [8],
Lemma 3.5, we only need to define W i locally. We do it with the formula
dW it =
1√
2
〈Ei(Zt,Xt), //Xt,Zt d∇Xt + //Yt,Zt d∇Yt〉H,(2.22)
valid for (Xs, Ys) in a small open subset of H
m × Hm \ {diagonal}. The
processes (W it ) are martingales with quadratic variation t and therefore
Brownian motions. The independence comes from the mutual orthogonality
of Ei(Zt,Xt)’s. 
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Remark 2.15. Note that if ω0 is a point such that the geodesic (Xt(ω0)Yt(ω0))
converges, then Zt is close to the solution to dzt =
1√
2
E1(zt,X∞(ω0))dW 1t ,
which lives on the geodesic segment (X
·
(ω0)Y·(ω0))∞ if it starts there. In
the next section we shall make precise this convergence.
3. The barycenter of two independent Brownian particles in H. Con-
sider the hyperbolic space H=Hd of dimension d≥ 2 as an oriented man-
ifold. Let ∂H be the visibility boundary in its visibility compactification,
that is, the set of equivalence classes of geodesic rays. In the upper half
space model ∂H is the union of the boundary hyperplane and the point at
infinity. The visibility topology coincides with the usual topology when H is
considered as a subset of Rd.
Let X and Y be two independent Brownian motions in H with initial
points X0 and Y0, respectively. Then they converge in H¯ with limits X∞
and Y∞ in ∂H, respectively. We denote by (XY )∞ ⊂H the random geodesic
connecting the two limit points. By a random variable u on (XY )∞ we mean
u(ω) ∈ (XY )∞(ω) for almost all ω.
Theorem 3.1. Let Xt and Yt be two independent Brownian particles
in H and let Zt be their exponential barycenter. Denote by µ(X0, Y0) the
law of (Zt)t≥0. Let u be an F∞-measurable random variable on (XY )∞
and let (Tn)n≥1 be a sequence of finite stopping times increasing to infin-
ity such that ZTn converges to u almost surely. Then for almost all ω0,
µ(XTn(ω0), YTn(ω0)) converges as n goes to infinity to the law of a Brown-
ian motion (zt)t≥0 of variance 1/2 on the geodesic (XY )∞(ω0) with starting
point u(ω0); that is, (z2t)t≥0 is a Brownian motion on (XY )∞(ω0).
Proof. For the proof take the upper half space model
H≡ {y = (y1, y2, . . . , yd) ∈Rd, yd > 0}.
The process (Xt,Zt) is a diffusion as the image of the diffusion (X,Y ) by
the diffeomorphism (x, y) 7→ (x,γ(x, y)(12 )) on H×H. Set Xnt =XTn+t, Y nt =
YTn+t and Z
n
t = ZTn+t. Then (X
n
t ,Z
n
t ) has initial condition (XTn ,ZTn) which
by assumption converges to (X∞, u).
Since the hyperbolic Laplacian is given by ∆Hf(x) =
1
2(x
d)2∆− d−22 xd∂d,
the hyperbolic Brownian motions can be written as the solution to the Itoˆ
stochastic differential equation
dXt =X
d
t dBt − 12 (d− 2)Xdt ed dt,
(3.1)
dYt = Y
d
t dB
′
t − 12(d− 2)Y dt ed dt,
where (Bt,B
′
t) is a Brownian motion in R
2d and {ei}di=1 is the canonical
basis in Rd.
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Set f(x1, . . . , xd) = sup(xd,0). Then (Xt) can be considered to be the
solution to
dXt = f(Xt)dBt − 12(d− 2)f(Xt)ed dt
on Rd. This equation has locally Lipschitz coefficients. We shall show that
the process (Xt,Zt) also satisfies an equation which extends to R
d×H with
local Lipschitz coefficients. First note that since Xt and Yt are martingales,
(3.1) yields
d∇Xt =Xdt dBt, d
∇Yt = Y dt dB
′
t.
On the other hand, by Proposition 2.14
d∇Zt =
1
2
(//Xt ,Zt d
∇Xt)
L +
1
2
(//Yt,Zt d
∇Yt)
L
+
1
2cosh(ρt/2)
((//Xt,Zt d
∇Xt)
N + (//Yt,Zt d
∇Yt)
N ).
We have
dZt = d
∇Zt − 12Γ(Zt)(d∇Zt, d∇Zt)dt,(3.2)
where Γ(z) is the Christoffel symbol at z for the canonical connection in
H. It is a smooth function, so we only need to prove that the equation for
d∇Zt extends as requested. For this plug d∇Xt and d∇Yt into the formula
for d∇Zt and observe that Y (t) =H(X(t),Z(t)) for H(x, z) = exp(2exp−1x z)
to obtain
d∇Zt =
1
2
(//Xt,Zt (X
d
t dBt)
L(Xt,Zt)
+ //H(Xt ,Zt),Zt (H(Xt,Zt)
d dB′t)
L(H(Xt,Zt),Zt))
+
//Xt,Zt(X
d
t dBt)
N(Xt,Zt)
2cosh(ρ(Xt,Zt))
+
//H(Xt ,Zt),Zt(H(Xt,Zt)
ddB′t)N(H(Xt,Zt),Zt)
2cosh(ρ(Xt,Zt))
.
Let w = (w1, . . . ,wd) be a vector in Rd and let xn = (x
1
n, . . . , x
d
n) be a se-
quence in H converging to x = (x1, . . . , xd−1,0) ∈ ∂H \ {∞}. Set E(z,x) =
1
ρ(z,x) exp
−1
z x, which extends smoothly to the set (H× H¯) \ {diagonal} con-
sidered as a subset of H×Rd. Furthermore,
lim
n→∞//xn,z(x
d
nw)
L(xn,z)
= lim
n→∞(−x
d
n)〈w,E(xn, z)〉HE(z,xn)
= lim
n→∞ 〈w,−(x
d
n)
−1E(xn, z)〉E(z,xn) =−wdE(z,x)
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since (xdn)
−1E(xn, z) converges to ed, and similarly
lim
n→∞//H(xn,z),z(H(xn, z)
dw)L(H(xn,z),z) =wdE(z,x).
Moreover, for z ∈H,
lim
n→∞
(//xn,z(x
d
nw)
N(xn,z) + //H(xn,z),z(H(xn, z)
dw)N(H(xn,z),z))
2 coshρ(xn, z)
= 0,
from the boundedness of the nominator and the convergence to +∞ of
coshρ(xn, z). We conclude that each coefficient in the equation for (Xt,Zt)
smoothly extends over H¯ × H and (Xt,Zt) is a solution to the system of
equations of the following form:
dXt = f(X
d
t )dBt −
d− 2
2
f(Xdt )ed dt,(3.3)
dZt = σ(Xt,Zt)d(Bt,B
′
t) + b(Xt,Zt)dt,(3.4)
where σ(x, z) = σ(x¯, z) and b(x, z) = b(x¯, z) if xd < 0 and x¯= (x1, . . . , xd−1,0).
Since all coefficients are smooth on H¯×H and (Rd \H)×H they are locally
Lipschitz on Rd ×H. Consequently the system (3.3)–(3.4) has a unique so-
lution and it does not explode for starting points in H × H as known. If,
however, the starting point satisfies Xd0 ≤ 0, then X· ≡X0 and (3.4) reduces
to
d∇Zt = 12E(Zt, X¯0)(−dBdt + dB′t
d
)(3.5)
whose solution starting from Z0 shall be denoted by (Zt(X0,Z0)). Then
Z2t(X0,Z0) is a Brownian motion on the hyperbolic geodesic (X¯0Z0). In
particular, it does not explode.
Consider the process (Xn,Zn) as solution to (3.3)–(3.4) where (Bt,B
′
t)
is replaced by (BTn+t,B
′
Tn+t
), with starting point (XTn ,ZTn) which by as-
sumption converges almost surely to (X∞, u). Since Rd×H is diffeomorphic
to R2d we can apply Corollary 11.1.5 in [25] for Rm-valued SDE and con-
clude that the transition probabilities are Feller continuous and so by the
Markov property the law of (Xn,Zn) conditioned by (XTn ,ZTn) converges
almost surely to the law of (X∞,Z(X∞, u)). Hence the law of Z2t is that of
a Brownian motion on the geodesic (X∞, u), as requested. 
The rest of this section is devoted to the existence of sequences of stopping
times (Tn)n≥1 as in Theorem 3.1.
First we note the following fact: If Xt and Yt are independent Brown-
ian motions in H, then for almost all ω the random geodesic (Xt(ω)Yt(ω))
converges to (X(ω)Y (ω))∞ uniformly on compact sets as t goes to infin-
ity, that is, for any compact set K, limt→∞ supz∈(XtYt)∩K ρ(z, (X∞Y∞)) = 0.
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To see this we take the upper half space representation. We may assume
K ⊂ {(x1, . . . , xd) ∈H, xd > ε} for some ε > 0. If z ∈ (XtYt)∩K, then z be-
longs to a Euclidean tubular neighborhood of the half-circle (XY )∞, with
radius sups≥tmax(‖Xs −X∞‖,‖Ys − Y∞‖). Since for z ∈K the hyperbolic
distance is smaller than the Euclidean distance divided by ε,
lim
t→∞ supz∈(XtYt)∩K
ρ(z, (X∞Y∞))≤ lim
t→∞
1
ε
sup
s≥t
(max(‖Xs −X∞‖,‖Ys − Y∞‖))
= 0.
Next for x, y, x ∈ H with x 6= y, denote by (xy) the geodesic segment
connecting them and by p(z,x, y) the orthogonal projection of z into the
geodesic (xy).
Lemma 3.2. Let (Xt), (Yt), (Tn)n≥1 and u be as in Theorem 3.1. If
(un)n≥1 is a sequence of (FTn)-adapted random variables in H converging
almost surely to an F∞-measurable random measurable u on (XY )∞, then
limn→∞ p(un,XTn , YTn) = u almost surely.
Proof. Since the projection to the convex set (XTnYTn) is 1-Lipschitz
we have
ρ(u, p(un,XTn , YTn))
≤ ρ(u, p(u,XTn , YTn)) + ρ(p(u,XTn , YTn), p(un,XTn , YTn))
≤ ρ(u, (XTnYTn)) + ρ(u,un)→ 0
following from the fact that for almost all ω the geodesic (Xt(ω)Yt(ω)) con-
verges to (XY )∞(ω) uniformly on compact sets K of H. 
Theorem 3.3. Let (Xt), (Yt), (Zt) and u be as in Theorem 3.1. There
exists a sequence of finite stopping times (Tn)n≥1 increasing to infinity such
that ZTn converges to u almost surely.
Proof. Let (un)n≥1 be a sequence of (Fn)-adapted random variables
in H converging almost surely to u. By Lemma 3.2 it is sufficient to prove
that there exists a sequence of stopping times (Tn)n≥1 such that Tn ≥ n and
ZTn = p(un,XTn , YTn) almost surely. Conditioning with respect to Fn, it is
sufficient to prove that for every o ∈M and n ≥ 1, there exists a stopping
time Tn ≥ n such that ZTn = p(o,XTn , YTn).
Let Pt = p(o,Xt, Yt). Since Pt and Zt belong to the geodesic segment
[Xt, Yt], Pt =Zt if and only if the signed distance Dt ≡ ρ(Pt,Xt)− ρ(Xt,Zt)
between Pt and Zt is zero. For the existence of the stopping times we only
need to show that Dt is recurrent. Set R
X
t = ρ(o,Xt) and R
Y
t = ρ(o,Yt). By
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the definition of Pt and the triangle inequalities, we have ρ(Xt, Pt) ≤ RXt
and ρ(Pt, Yt)≥RYt − ρ(o,Pt). So
Dt = ρ(Pt,Xt)− 12ρ(Xt, Yt) = ρ(Pt,Xt)− 12(ρ(Xt, Pt) + ρ(Pt, Yt))
= 12ρ(Xt, Pt)− 12ρ(Pt, Yt)≤ 12(RXt −RYt ) + 12ρ(o,Pt)
and similarly Dt ≥ 12 (RXt −RYt )− 12ρ(o,Pt). Since limt→∞ ρ(o,Pt) exists we
only need to show RXt −RYt is recurrent. Note that
dRXt = dB
X
t +
d− 1
2
cothRXt dt,
dRYt = dB
Y
t +
d− 1
2
cothRYt dt,
where (BXt ,B
Y
t ) is a planar Brownian motion. So for almost all ω,
inf (RXt (ω),R
Y
t (ω))>
1
4 (d− 1)t
for sufficiently large time. Now
RXt −RYt =BXt −BYt + 12(d− 1)
∫ t
0
(cothRXs − cothRYs )ds.
But BXt −BYt is recurrent and
∫∞
0 (cothR
X
s − cothRYs )ds exists since
| cothRXs − cothRYs |= | cothRXs − 1− (cothRYs − 1)|
=
∣∣∣∣ 2e2RXs − 1 −
2
e2RYs − 1
∣∣∣∣≤ 4e(d−1)s/2 − 1
for large time s. Consequently RXt −RYt is recurrent and so is Dt. 
4. Barycenters of measures in a Cartan–Hadamard manifold. Let M be
a Cartan–Hadamard manifold with pinched negative curvatures k, −b2 ≤
k ≤−a2, for b≥ a > 0. Denote by M¯ =M ∪ ∂M its visibility compactifica-
tion where ∂M is the set of equivalence classes of unit speed geodesics in M
under the equivalence relation
γ1 ∼ γ2 ⇐⇒ lim sup
t→∞
ρ(γ1(t), γ2(t))<∞,
endowed with the sphere topology. See, for example, [2], page 22. Note that
for each point z ∈M and x ∈ ∂M there is a unique unit speed geodesic
in the equivalence class of x with initial point z, which we shall denote
as {ϕ(z,x)(t), 0 ≤ t <∞}. For z, y ∈M , z 6= y, we shall also denote by
{ϕ(z, y)(t), t≥ 0} the unit speed geodesic satisfying ϕ(z, y)(0) = z and ϕ(z, y)(ρ(z, y)) =
y. In other words,
ϕ(z, y)(t) = γ(z, y)(t/ρ(z, y)) ∀ z, y ∈M satisfying z 6= y.
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Let π :TM →M be the canonical projection and let
φ :SM ≡ {v ∈ TM, ‖v‖= 1} −→ ∂M
be the map which sends θ to [expπ(θ)(tθ)]t≥0 ∈ ∂M . The map Φ = (π,φ)
from SM to M × ∂M is a homeomorphism. In fact, Φ−1(z,x) = ϕ˙(z,x)(0)
(see, e.g., [6], Propositions 2.13 and 2.14).
For o ∈M denote by (ψo,x, x ∈ ∂M) the family of Busemann functions:
ψo,x(y) = lim
t→∞ [ρ(y,ϕ(o,x)(t))− t].(4.1)
These functions are characterized by ψo,x(o) = 0 and grady ψo,x =−Φ−1(y,x) =
−ϕ˙(y,x)(0), any y ∈M . We write ψx for ψo,x if there is no risk of confusion.
Denote byM1(X) the set of probability measures on a topological space X
endowed with the Borel σ-field. Set
ψµ(z)≡ ψo,µ(z) =
∫
∂M
ψo,x(z)dµ(x), µ ∈M1(∂M).(4.2)
Then
gradz ψµ =−
∫
∂M
ϕ˙(z,x)(0)dµ(x).(4.3)
A solution to gradz ψµ = 0 is called a Busemann barycenter of µ.
The aim of this section is to show that for discrete probability measures
of finite support transported by a suitable random flow, the exponential
barycenter µt converges to the Busemann barycenter of the limiting measure
on the boundary.
Lemma 4.1. Let µ be a probability measure on M with corresponding
vector field Hµ :M → TM defined by (2.1). We have
〈∇uHµ, u〉 ≤ −aε(z,µ)‖u‖2, u ∈ TzH,
where
ε(z,µ) = min
w∈SzM
∫
M
ρ(z,x) sin2 (w, ϕ˙(z,x)(0)) dµ(x).(4.4)
Proof. We follow the notation of Section 2.3 and note that
∇uHµ =
∫
M
J˙(u,0x)(0)dµ(x),
where 0x ∈ TxM is the zero vector. Write u= uL+uN where uL ≡ uL(z,x) is
colinear to exp−1z x and uN ≡ uN(z,x) is its orthogonal complement. Then
J˙(u,0x)(0) = J˙(u
L,0x)(0) + J˙(u
N ,0x)(0) =−uL+ J˙(uN ,0x)(0),
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sum of two orthogonal vectors. Write J(t) = J(uN ,0x)(t) and f(t) = ‖J(t)‖.
Then f ′(t) = 1‖J(t)‖ 〈J(t), J˙(t)〉. In particular, f ′(0) = 1‖uN‖〈uN , J˙(0)〉 and fur-
thermore
f ′′(t) = f−3(t)(‖J(t)‖2‖J˙(t)‖2 − 〈J(t), J˙(t)〉2 + ‖J(t)‖2〈J(t), J¨(t)〉)
≥ f−1(t)〈J(t), J¨ (t)〉
=−f−1(t)〈J(t),R(J(t), γ˙(t))γ˙(t)〉 ≥ a2ρ2(z,x)f(t),
where γ(t) = γ(z,x)(t) for t ∈ [0,1] and a is the upper bound of the sectional
curvature. Note that f(0) = ‖uN‖ and f(1) = 0. By comparison with the
solution to g′′(t) = a2ρ2(z,x)g(t) with the same boundary conditions, we see
f ′(0)≤ g′(0) =−aρ(z,x) coth (aρ(z,x))‖uN‖ ≤−aρ(z,x)‖uN‖
which leads to 〈uN , J˙(0)〉 ≤ −aρ(z,x)‖uN‖2. Finally
〈∇uHµ, u〉=
∫
M
(−‖uL‖2 + 〈J˙(0), uN 〉)dµ(x)
≤
∫
M
(−‖uL‖2 − aρ(z,x)‖uN‖2)dµ(x)≤−
∫
M
aρ(z,x)‖uN‖2 dµ(x)
=−a‖u‖2
∫
M
ρ(z,x) sin2 (u, ϕ˙(z,x)(0))µ(dx)≤−a‖u‖2ε(z,µ).

Lemma 4.2. Let µ be a probability measure on ∂M . Then
∇dψµ(u,u)≥ aα(z,µ)‖u‖2 ∀u∈ TzM, z ∈M,(4.5)
where
α(z,µ) = min
w∈SzM
∫
∂M
sin2 (w, ϕ˙(z,x)(0)) dµ(x).(4.6)
Proof. Let z0 ∈M and x ∈ ∂M . Set
ψt,x(−) = ρ(−, ϕ(z0, x)(t))− t.
By Proposition 3.1 in [13], as t goes to infinity, (ψt,x,gradψt,x,∇gradψt,x)
converges to (ψx,gradψx,∇gradψx) uniformly on compact sets. In fact, the
proof of the same proposition shows that the convergence is uniform in x.
In particular, if we set
ψt,µ(z) =
∫
∂M
ψt,x(z)dµ(x),
then
gradz ψt,µ =−
∫
∂M
ϕ˙(z,ϕ(z0, x)(t))(0)dµ(x),
∇u gradψt,µ =−
∫
∂M
∇uϕ˙(·, ϕ(z0, x)(t))(0)dµ(x),
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(ψt,µ,gradψt,µ,∇gradψt,µ) converges to (ψµ,gradψµ,∇gradψµ) uniformly
on compact sets and the convergence is uniform in µ.
Let µt = ϕ(z0,−)(t)∗(µ). Since γ˙(x, y)(0) = ρ(x, y)(o)ϕ˙(x, y)(0),
Hµt(z) =
∫
M
γ˙(z, y)(0)dµt(y)
=
∫
∂M
ρ(z,ϕ(z0, x)(t))ϕ˙(z,ϕ(z0, x)(t))(0)dµ(x).
If u ∈ Tz0M , then duρ(·, ϕ(z0, x)(t)) =−〈ϕ˙(z0, x)(0), u〉 and
∇uHµt =
∫
∂M
ρ(z0, ϕ(z0, x)(t))∇uϕ˙(·, ϕ(z0, x)(t))(0)dµ(x)
+
∫
∂M
duρ(·, ϕ(z0, x)(t))ϕ˙(z0, ϕ(z0, x)(t))(0)dµ(x)
=
∫
∂M
t∇uϕ˙(·, ϕ(z0, x)(t))(0)dµ(x)
−
∫
∂M
〈ϕ˙(z0, x)(0), u〉ϕ˙(z0, x)(0)dµ(x)
=−t∇u gradψt,µ −
∫
∂M
〈ϕ˙(z0, x)(0), u〉ϕ˙(z0, x)(0)dµ(x)
using ρ(z0, ϕ(z0, x)(t)) = t and for all s≥ 0, ϕ(z0, ϕ(z0, x)(t))(s) = ϕ(z0, x)(s).
Consequently
〈∇uHµt , u〉=−t〈∇u gradψt,µ, u〉 −
∫
∂M
〈ϕ˙(z0, x)(0), u〉2 dµ(x).
This together with Lemma 4.1 gives
〈∇u gradψt,µ, u〉
≥ a
t
ε(z0, µt)‖u‖2 − 1
t
∫
∂M
〈ϕ˙(z0, x)(0), u〉2 dµ(x)
≥ a
t
‖u‖2 min
w∈Sz0M
∫
M
ρ(z0, y) sin
2 (w, ϕ˙(z0, y)(0))dµt(y)− 1
t
‖u‖2
≥ a
t
‖u‖2 min
w∈Sz0M
∫
∂M
ρ(z0, ϕ(z0, x)(t))
× sin2 (w, ϕ˙(z0, ϕ(z0, x)(t))(0))dµ(x)− 1
t
‖u‖2
= a‖u‖2 min
w∈Sz0M
∫
∂M
sin2 (w, ϕ˙(z0, x)(0)) dµ(x)− 1
t
‖u‖2
= aα(z0, µ)‖u‖2 − 1
t
‖u‖2.
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Taking t to infinity and using the convergence of ∇gradψt,µ to ∇gradψµ,
we obtain ∇dψµ(u,u)≥ aα(z0, µ)‖u‖2, as desired. 
Let U be the subset of M1(∂M) containing discrete measures with no
atoms of weight greater than or equal to 1/2. Clearly the function α(z,µ) is
continuous on M ×U , using the weak convergence topology on U . Moreover,
it is strictly positive on M × U : for every z ∈M , the set {ϕ˙(z,x)(0), x ∈
supp(µ)} contains at least three different vectors, and this implies that no
w ∈ SzM is colinear to all of them. The positivity then follows from the
compactness of SzM .
Proposition 4.3. For µ ∈ U there exists a unique z ∈M such that
gradz ψµ ≡−
∫
∂M
ϕ˙(z,x)(0)dµ(x) = 0.(4.7)
Denote the solution by G(µ). Then the map G :U →M is continuous.
Proof. The existence and uniqueness are well known in the case that µ
is a continuous measure. In fact the uniqueness follows from Lemma 4.2 since
α(z,µ)> 0 and ψµ is strictly convex. For the existence we only need to show
that there is a geodesic ball B(o,T )⊂M of radius T > 0 on which gradψµ
points outward the boundary and therefore has a zero inside the geodesic
ball. For T > 0, take y ∈ ∂B(o,T ). Let γ¯ ∈ ∂M be the point corresponding to
the geodesic ray γ(o, y) and let Bε(γ¯)⊂ ∂M be the set of points whose angle
with γ(o, y) is smaller than ε using the sphere topology. Choose ε0 > 0 so
that c0 ≡ supx∈∂M µ(Bε0(x))< 1/2 which is possible due to the compactness
of the sphere at infinity. Let x ∈ ∂M , ε the angle between ϕ˙(0, y)(0) and
ϕ˙(0, x)(0), and α the angle between ϕ˙(y,x)(0) and ϕ˙(y, o)(0). By comparison
with a manifold with constant curvature −a2, we have
sinα≤ cos ε cosα+ 1
sinε cosh(aT )
≤ 2
sinε cosh(aT )
and
〈ϕ˙(y,x)(0), ϕ˙(y, o)(0)〉 ≥ 1− 4
sin2 ε cosh2(aT )
.
Consequently
−〈grady ψµ, ϕ˙(y, o)(0)〉
=
(∫
∂M\Bε0 (γ¯)
+
∫
Bε0 (γ¯)
)
〈ϕ˙(y,x)(0), ϕ˙(y, o)(0)〉dµ(x)
≥
∫
∂M\Bε0 (γ¯)
(
1− 4
sin2 ε cosh2(aT )
)
dµ(x) + (−1) · µ(Bε0(γ¯))
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=
(
1− 4
sin2 ε cosh2(aT )
)
(1− µ(Bε0(γ¯)))− µ(Bε0(γ¯))
≥ 1− 4
sin2 ε cosh2(aT )
− 2c0
> 0
when cosh2(aT )> 4/ sin2 ε(1−2c0). Since ϕ˙(y, o)(0) is normal to the bound-
ary ∂B(o,T ) and pointing inwards, this proves that grady ψµ is pointing
outwards. Consequently there exists z ∈B(o,T ) such that gradz ψµ = 0, so
G is well defined.
For the continuity of G note that grady ψµ is continuous with respect to
(y,µ) since grady ψt,µ, which is continuous in (y, t, µ), converges to grady ψ
uniformly on y in compact sets and uniformly in µ. Let (µn)n≥1 be a se-
quence of elements of U converging to µ ∈ U . Set zn =G(µn) and z =G(µ).
From the convergence of the sequence (µn)n≥1 to µ, we can choose the
same ε0, c0 and T for all µn and µ. Consequently, z and all the zn be-
long to B(o,T ). Furthermore, the function α in Lemma 4.2 is continuous,
so we have α0 = inf{α(y,µn) : (y,n) ∈ B(o,T ) × N} > 0 and consequently
〈∇u gradψµn , u〉 ≥ aα0‖u‖2 for all y ∈B(o,T ) and u ∈ TyM . Let zn(t)t≥0 be
C1 paths in M with zn(0) = z and z˙n(t) = −gradψµn(zn(t)). Then by dif-
ferentiating ‖gradψµn(zn(t))‖2 with respect to t we see ‖gradψµn(zn(t))‖ ≤
e−aα0t‖gradψµn(zn(0))‖. It follows that zn = zn(∞) = limt→∞ zn(t) and the
length of the curve from z = zn(0) to zn is smaller than ‖gradψµn(z)‖/(aα0).
Since gradψµn(z)→ gradψµ(z) = 0, limn→∞ ρ(z, zn) = 0. So G is continuous.

Example 4.4. Let H⊂C be the Poincare´ upper half plane. The bound-
ary of H is the real line R, plus one point at infinity. For n ≥ 2 and x1 <
· · · < xn in R set µ = 1n
∑n
j=1 δxj . If n = 3, the angles between the vectors
ϕ˙(G(µ), xj)(0) are ±2π/3. Considering first the case x3 =∞ and then the
general case via homographic transformations, one finds
G(µ) =
x1x3 + x2x3 − 2x1x2 + i
√
3x3(x2 − x1)
2x3 − x1 − x2 + i
√
3(x2 − x1)
.
For n= 4, the situation is even simpler: G(µ) is the intersection between the
hyperbolic geodesics (x1x3) and (x2x4).
Next we consider a Brownian flow Ft in M , that is, a semimartingale flow
with characteristic (a(t, x, y,ω),0, t) as defined in Proposition 2.10, such that
for every x ∈M , Ft(x) is a Brownian motion [which is equivalent to saying
that a(t, x, x,ω) =
∑d
i=1 ei ⊗ ei, where (ei)1≤i≤d is an orthonormal basis of
TxM ]. We furthermore assume that Ft is unstable, that is, whenever y1 and
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y2 are two distinct points in M , the distance between Ft(y1) and Ft(y2)
converges to +∞ as t goes to infinity. Typical examples of unstable flows
are given by isotropic Brownian flows in the hyperbolic plane with positive
first Lyapounov exponent (see, e.g., [24]). The following result is immediate.
Proposition 4.5. Let Ft be an unstable Brownian flow in M . Take
ε > 0, y1 6= y2 and let Xit = Ft(yi), i = 1,2. Then for almost all ω there is
t(ω) such that ρ(X1t ,X
2
t )≥ ((d− 1)a− ε)t whenever t≥ t(ω).
Proof. For x1 6= x2 and u= (u1, u2) ∈ T(x1,x2)(M ×M) write ui = vi +
wi, the orthogonal decomposition with vi tangential to the geodesic (x1x2).
We have by the Hessian comparison theorem,∇dρ(u,u)≥ a tanh(aρ2 )(‖w0‖2+‖w1‖2) (see, e.g., [23] Lemma 1.1.1, where a similar calculation is done in
positive curvature). As a consequence, the drift of Υt := ρ(X
1
t ,X
2
t ) is larger
than (d− 1)a tanh(aΥt2 )dt. When t is sufficiently large, then Υt is large by
instability of the flow, so its drift is close to (d− 1)adt. On the other hand,
since ρ is 1-Lipschitz, the process Υt has a bracket satisfying d〈Υ,Υ〉t ≤ 2dt.
So we can conclude that for ε > 0 and t large, Υt ≥ ((d− 1)a− ε)t. 
Proposition 4.6. Let Xt and Yt be two M -valued continuous func-
tions converging to X∞ and Y∞ on ∂M , respectively, as t→∞. Suppose
furthermore that limt→∞(ρ(o,Xt) − ℓt)/t = 0, limt→∞(ρ(o,Yt) − ℓt)/t = 0
and ρ(Xt, Yt)≥ a′t for t large, for some constants a′, ℓ > 0 and o ∈M . Then
X∞ 6= Y∞.
Proof. We only need to establish that if Pˆt is the orthogonal projection
of Yt on the half-geodesic [oXt) := {ϕ(o,Xt)(s), s≥ 0}, then limt→∞ ρ(Pˆt, Yt) =
∞. We will prove that, for t large, ρ(Pˆt, Yt) ≥ a′∧ℓ2 t. When Pˆt = o, this is
clear. Let us consider the case where Pˆt 6= o. Let t be a time such that
ρ(o, Pˆt)≥ ρ(o,Xt). Then
ρ(o,Yt)≥ ρ(o, Pˆt) = ρ(o,Xt) + ρ(Xt, Pˆt)≥ ρ(o,Xt) + ρ(Xt, Yt)− ρ(Pˆt, Yt),
which implies
ρ(Pˆt, Yt)≥ ρ(o,Xt)− ρ(o,Yt) + ρ(Xt, Yt).
This clearly implies ρ(Pˆt, Yt)≥ a′2 t when t is large. Now let t be a time such
that ρ(o, Pˆt)≤ ρ(o,Xt). We have
ρ(Pˆt, Yt)≥ ρ(o,Yt)− ρ(o, Pˆt),
ρ(Pˆt, Yt)≥ ρ(Xt, Yt)− ρ(Pˆt,Xt).
Adding the two together gives
2ρ(Pˆt, Yt)≥ ρ(o,Yt) + ρ(Xt, Yt)− ρ(o,Xt)∼ ρ(Xt, Yt)≥ a′t
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which again proves that ρ(Pˆt, Yt)≥ a′2 t when t is large. Thus X∞ 6= Y∞. 
A stochastic process Xt is said to satisfy the law of large numbers with
limit ℓ if limt→∞ 1t ρ(o,Xt) = ℓ. It is known that all Brownian motions satisfy
the law of large numbers with nonzero limit if (a) M = Hd, (b) M is the
universal cover of a compact Riemannian manifold with negative curvature
(see, e.g., [19]), or more generally, (c) M is a Cartan–Hadamard manifold
such that for some point o ∈M , ∆ρ(o,−) converges to a negative constant
as r goes to infinity.
Note that if ρ(Xi(t), y) are more or less all of the same length independent
of i, that is, ρ(Xi(t), o) = f(t) + Ri(t) with Ri(t) small compared to f(t),
then the minimizer of
∑m
i=1 ρ(X
i(t), y) is close to (or the same as) that of∑m
i=1 ρ
2(Xi(t), y). This is the consideration behind the following theorem.
Theorem 4.7. Let µ be a discrete probability measure on M with finite
support and no weight greater than or equal to 1/2. Suppose Ft is an unstable
Brownian flow satisfying the conditions of Proposition 4.5 and such that
limt→∞ 1t ρ(o,Xt) = ℓ where ℓ > 0. Denote by Zt the exponential barycenter
of the pushed forward measure µt ≡ Ft(µ). Let µ∞ be the measure F∞(µ) on
∂M . Then limt→∞Zt =G(µ∞) almost surely.
Proof. The measure µ∞ is carried by a finite set, and by Propositions
4.5 and 4.6, for almost all ω, F∞(y1, ω) 6= F∞(y2, ω) if y1 6= y2. This implies
µ∞ ∈ U . For p ∈M fixed denote by Θp(q) the point on ∂M determined by
the geodesic ϕ(p, q), that is, Θp(q) = φ(ϕ˙(p, q)(0)). Then Ft(x) induces a
measure µ¯p,t on ∂M by Θp(·) and µ¯p,t→ µ∞. Furthermore, by continuity
of G, Proposition 4.3, limt→∞G(µ¯p,t) =G(µ∞).
Define
Rs =
∫
M
∣∣∣∣1sρ(o,Fs(y))− ℓ
∣∣∣∣dµ(y).
Since µ has finite support, lims→∞Rs = 0 almost surely.
Set Z ′t =G(µ¯t). By definition
∫
∂M ϕ˙(Z
′
t, x)(0)dµ¯o,t(x) = 0, so
Hµs(Z
′
s) =
∫
M
γ˙(Z ′s, Fs(y))(0)dµ(y)− ℓs
∫
∂M
ϕ˙(Z ′s, x)(0)dµ¯o,s(x)
=
∫
M
(γ˙(Z ′s, Fs(y))(0)− ℓsϕ˙(Z ′s, Fs(y))(0))dµ(y)
+ ℓs
∫
M
(ϕ˙(Z ′s, Fs(y))(0)− ϕ˙(Z ′s,Θo(Fs(y)))(0))dµ(y)
=
∫
M
(ρ(Z ′s, Fs(y))− ℓs) ϕ˙(Z ′s, Fs(y))(0)dµ(y)
+ ℓs
∫
M
(ϕ˙(Z ′s, Fs(y))(0)− ϕ˙(Z ′s,Θo(Fs(y)))(0))dµ(y).
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Set R′s = ℓ
∫
M ‖ϕ˙(Z ′s, Fs(y))(0)− ϕ˙(Z ′s,Θo(Fs(y)))(0)‖dµ(y). By the conver-
gence of Z ′s, the angular convergence of Brownian motions and the con-
tinuity off diagonal of the map (z,x) 7→ ϕ˙(z,x)(0) from M × M¯ to SM ,
lims→∞R′s = 0 almost surely. We have
‖Hµs(Z ′s)‖ ≤ ρ(o,Z ′s) +Rss+ sR′s = ρ(o,Z ′s) + s(Rs +R′s).
On the other hand, for y ∈M , let Rs(y) = |1sρ(o,Fs(y))− ℓ|. Note that for
z ∈B(Z ′s,1),
ρ(z,Fs(y))≥ ρ(o,Fs(y))− ρ(z, o)≥ ℓs−Rs(y)s− [ρ(z,Z ′s) + ρ(Z ′s, o)]
≥ ℓs−Rs(y)s− 1− ρ(Z ′s, o).
Consequently, by Lemma 4.1, if u ∈ TzM and z ∈B(Z ′s,1),
〈∇uHµs , u〉
≤ −a‖u‖2 min
w∈SzM
∫
M
ρ(z,Fs(y)) sin
2 (w, ϕ˙(z,Fs(y))(0))dµ(y)
≤−a‖u‖2
(
ℓs min
w∈SzM
∫
M
sin2 (w, ϕ˙(z,Fs(y))(0))dµ(y)
−Rss− ρ(o,Z ′s)− 1
)
=−a‖u‖2(ℓsα(z, µ¯z,s)−Rss− ρ(o,Z ′s)− 1),
where α is the continuous and positive function defined in Lemma 4.2.
Since µ¯z,s converges to F∞(µ) and Z ′s converges in M to G(µ∞), there
exist C1(ω)> 0 and s(ω)> 0 such that for s≥ s(ω),
〈∇uHµs , u〉 ≤−C1‖u‖2s ∀ z ∈B(Z ′s,1), u ∈ TzM.(4.8)
Next let βs(t), t≥ 0, be the C1 path starting from Z ′s and such that ∂∂tβs(t) =−Hµs(βs(t)). Then with an argument similar to the end of the proof of
Proposition 4.3, (4.8) implies that for every t≥ 0 smaller than the exit time
from B(Z ′s,1),
‖Hµs(βs(t))‖ ≤ e−C1s‖Hµs(Z ′s)‖
and
ρ(βs(t), βs(0))≤ ‖Hµs(Z
′
s)‖
C1s
(4.9)
≤ ρ(o,Z
′
s) + s(Rs +R
′
s)
C1s
=
ρ(o,Z ′s)/s+Rs +R′s
C1
.
Since the right-hand side converges to 0 as s goes to infinity, we see that for
s large, βs(t) stays in B(Z
′
s,1) for all t≥ 0. Moreover, βs(t) converges as t
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goes to infinity to βs(∞) = Zs which is the only point in the manifold where
Hµs vanishes. From (4.9), we get
ρ(Zs,Z
′
s)≤
ρ(o,Z ′s)/s+Rs +R′s
C1
.
The right-hand side goes to 0, so Zs converges to G(µ∞). 
Remark 4.8. When M is the hyperbolic space Hm and a has second-
order space derivatives almost surely bounded, Theorem 4.7 generalizes to
a discrete measure µ with compact but not necessarily finite support. The
proof is the same; the only difference is that one has to find another argument
for the almost sure convergence of Rs to 0. The new argument is as follows.
In an exponential chart Ψ based at o, let (a′, b′, t) be the characteristic of the
flow. Then a′ has second-order space derivatives almost surely bounded and
b′ = 12∆Ψ has first-order space derivatives almost surely bounded. Since the
chart is centered at o, the distance to the origin is the same in the chart and
in the manifold. Using [5], Theorem 2.1, we can say that almost surely, for all
y ∈ supp(µ), Rs(y) = |1sρ(o,Fs(y))− ℓ| is bounded by a constant depending
only on the support of µ. Since Rs(y) converges almost surely to 0 as s goes
to infinity, by dominated convergence, Rs goes to 0.
Acknowledgments. The authors would like to thank V. Kaimanovich,
Y. LeJan, T. Lyons and M. Hairer for stimulating discussions and references.
They would also like to thank the referees.
REFERENCES
[1] Arnaudon, M. (1997). Differentiable and analytic families of continuous martin-
gales in manifolds with connection. Probab. Theory Related Fields 108 219–257.
MR1452557
[2] Ballman, W., Gromov, M. and Schroeder, V. (1985). Manifolds of Nonpositive
Curvature. Birkha¨user, Boston. MR823981
[3] Besson, G., Courtois, G. and Gallot, S. (1995). Entropies et rigidite´s des espaces
localement syme´triques de courbures strictement neg´ative. Geom. Funct. Anal.
5 731–799. MR1354289
[4] Bony, J. M. (2001). Cours d’Analyse, The´orie des Distributions et Analyse de
Fourier. Les e´ditions de l’e´cole Polytechnique.
[5] Cranston, M., Scheutzow, M. and Steinsaltz, D. (2000). Linear bounds for
stochastic dispersion. Ann. Probab. 28 1852–1869. MR1813845
[6] Eberlein, P. and O’Neill, B. (1973). Visibility manifolds. Pacific J. Math. 46 45–
109. MR336648
[7] Elworthy, K. D. (1982). Stochastic Differential Equations on Manifolds. Cambridge
Univ. Press. MR675100
[8] E´mery, M. (1989). Stochastic Calculus in Manifolds (with an appendix by P.-A.
Meyer). Springer, Berlin. MR1030543
36 M. ARNAUDON AND X.-M. LI
[9] E´mery, M. (2000). Martingales continues dans les varie´te´s diffe´rentiables. E´cole d ’E´te´
de Probabilite´s de Saint-Flour XXVIII–1998. Lecture Notes in Math. 1738 1–84.
Springer, Berlin. MR1775639
[10] E´mery, M. and Mokobodzki, G. (1991). Sur le barycenter d’une probabilite´ dans
une varie´te´. Se´minaire de Probabilite´s XXV. Lecture Notes in Math. 1485 220–
233. Springer, Berlin. MR1187782
[11] E´mery, M. and Zheng, W. (1984). Fonctions convexes et semimartingales dans une
varie´te´. Se´minaire de Probabilite´s XVIII. Lecture Notes in Math. 1059 501–518.
Springer, Berlin. MR770977
[12] Hackenbroch, W. and Thalmaier, A. (1994). Stochastische Analysis. Teubner,
Stuttgart. MR1312827
[13] Heintze, E. and Im Hof, H. C. (1977). Geometry of horospheres. J. Differential
Geom. 12 481–491. MR512919
[14] Kendall, W. S. (1990). Probability, convexity, and harmonic maps with small im-
ages. I. Uniqueness and fine existence. Proc. London Math. Soc. 61 371–406.
MR1063050
[15] Kendall, W. S. (1991). Convexity and the hemisphere. J. London Math. Soc. 43
567–576. MR1113394
[16] Kendall, W. S. (1992). The propeller: A counterexample to a conjectured criterion
for the existence of certain harmonic functions. J. London Math. Soc. 46 364–
374. MR1182490
[17] Kendall, W. S. (1992). Convex geometry and nonconfluent Γ-martingales. II. Well-
posedness and Γ-martingale convergence. Stochastics Stochastics Rep. 38 135–
147. MR1274899
[18] Kunita, H. (1990). Stochastic Flows and Stochastic Differential Equations. Cam-
bridge Univ. Press. MR1070361
[19] Ledrappier, F. (1995). Central limit theorem in negative curvature. Ann. Probab.
23 1219–1233. MR1349169
[20] Le Jan, Y. (1982). Flots de diffusion dans Rn. C. R. Acad. Sci. Paris Se´r. I Math.
294 697–699. MR666621
[21] Le Jan, Y. and Watanabe, S. (1984). Stochastic flows of diffeomorphisms. In
Stochastic Analysis. North-Holland Math. Library 32 307–332. North-Holland,
Amsterdam. MR780763
[22] Majda, A. J. and Kramer, P. R. (1999). Simplified models for turbulent diffusion:
Theory, numerical modelling, and physical phenomena. Phys. Rep. 314 237–574.
MR1699757
[23] Picard, J. (1991). Martingales on Riemannian manifolds with prescribed limit. J.
Funct. Anal. 99 223–261. MR1121614
[24] Raimond, O. (1994). Flots stochastiques isotropes et diffusions autoattractives.
The`se de l’Universite´ de Paris-sud (Orsay).
[25] Stroock, D. W. and Varadhan, S. R. S. (1979). Multidimensional Diffusion Pro-
cesses. Springer, Berlin. MR532498
[26] Yano, K. and Ishihara, S. (1973). Tangent and Cotangent Bundles: Differential
MR350650 Geometry. Dekker, New York.
[27] Zirbel, C. L. (1995). Random measures carried by Brownian flows on Rd. Technical
report, Univ. Massachusets, Amherst.
BARYCENTERS OF MEASURES 37
De´partement de mathe´matiques
Universite´ de Poitiers
Te´le´port 2
BP 30179
F-86962 Futuroscope Chasseneuil Cedex
France
e-mail: marc.arnaudon@math.univ-poitiers.fr
Department of Computing
and Mathematics
Nottingham Trent University
Nottingham NG1 4BU
United Kingdom
e-mail: xuemei.li@ntu.ac.uk
